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Abstract
Let (modΛ′,modΛ,modΛ′′) be a recollement of module categories for artin algebras Λ′, Λ and
Λ′′. We provide a sufficient condition such that a glued torsion pair in modΛ is tilting when the
given two torsion pairs are tilting in modΛ′ and modΛ′′ respectively. Using this result, we give a
construction of gluing of tilting modules in modΛ with respect to tilting modules in modΛ′ and
modΛ′′ respectively.
1 Introduction
Recollements of abelian and triangulated categories were introduced by Be˘ılinson, Bernstein and Deligne
[4] in connection with derived categories of sheaves on topological spaces with the idea that one triangu-
lated category may be “glued together” from two others.
Recently, gluing techniques with respect to a recollement of triangulated or abelian categories have
been investigated for cotorsion pairs [6], torsion pairs [13], and so on (e.g. [16, 20, 21, 23]). In particular,
for a recollement of triangulated categories, Liu, Vito´ria and Yang presented explicit constructions of
gluing of silting objects [12]. Moreover, Zhang considered the recollement of wide subcategories of abelian
categories using gluing techniques [21].
The classical tilting modules were introduced by Brenner and Butler [5], and Happel and Ringel
[11]. It is closely related with torsion pairs; for instance, a tilting module can induce a torsion pair, and
conversely, a torsion pair satisfying certain conditions can induce a tilting module (see [2]).
It is natural to ask that whether a tilting module can be glued together from the other two tilting
modules in a recollement of module categories. For an artin algebra Λ, we use modΛ to denote the
category of finitely generated left Λ-modules. Let Λ′, Λ and Λ′′ be artin algebras such that there is a
recollement of module categories:
modΛ′ i∗ // modΛ
i∗oo
i!
oo
j∗ // modΛ′′
j!oo
j∗oo
.
The paper is organized as follows.
In Section 2, we give some terminologies and some preliminary results.
The first author and Huang have given a construction of tilting modules in modΛ from the tilting
modules in modΛ′ and modΛ′′ in [14, Theorem 3.3] under some conditions. For a module T ∈ modΛ,
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we write T⊥0 := {M ∈ modΛ | HomΛ(T,M) = 0}. In Section 3, we first give the constructions of
tilting torsion pairs in the recollement of abelian categories. Using them, we weaken the conditions in
[14, Theorem 3.3] and obtain the main result as follows.
Theorem 1.1. Let T ′ and T ′′ be tilting modules in modΛ′ and modΛ′′ respectively. If i! and j! are
exact, then there exists a tilting Λ-module T forming as T := j!(T
′′) ⊕M for some Λ-module M , such
that (T ,F) = (Gen T, T⊥0), where (T ,F) is a glued torsion pair in modΛ with respect to (GenT ′, T ′⊥0)
and (Gen T ′′, T ′′⊥0).
We give some examples to illustrate the obtained result in Section 4.
2 Preliminaries
Throughout this paper, all subcategories are full, additive and closed under isomorphisms.
First of all, we recall the notion of recollements of abelian categories.
Definition 2.1. ([8]) A recollement, denoted by (A,B, C), of abelian categories is a diagram
A i∗ // B
i∗oo
i!
oo
j∗ // C
j!oo
j∗oo
(2.1)
of abelian categories and additive functors such that
(1) (i∗, i∗), (i∗, i
!), (j!, j
∗) and (j∗, j∗) are adjoint pairs.
(2) i∗, j! and j∗ are fully faithful.
(3) Im i∗ = Ker j
∗.
Let A be an abelian category and D a subcategory of A. We denote by projA (resp. injA) the
subcategory of A consisting of all projective (resp. injective) objects in A. We use addD to denote the
subcategory of A consisting of direct summands of finite direct sums of objects in D. We use P (D) to
denote the direct sum of one copy of each indecomposable Ext-projective object in D, that is
P (D) = {M ∈ D | Ext1A(M,D) = 0}.
We write
⊥0D := {M ∈ A | HomA(M,D) = 0},
D⊥0 := {M ∈ A | HomA(D,M) = 0}.
Now, we list some properties of recollements of abelian categories (see [8, 13, 17, 18, 19]), which will
be used in the sequel.
Lemma 2.2. Let (A,B, C) be a recollement of abelian categories as (2.1).
(1) i∗j! = 0 = i
!j∗.
(2) The functors i∗, j
∗ are exact, the functors i∗, j! are right exact, and the functor i
!, j∗ are left exact.
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(3) All natural transformations i∗i∗ // 1A , 1A // i!i∗ , 1C // j∗j! , and j∗j∗ // 1C are natural
isomorphisms. Moreover, all functors i∗, i! and j∗ are dense.
(4) If i∗ is exact, then i!j! = 0; and if i
! is exact, then i∗j∗ = 0.
Let A be an abelian category. We recall the notion of torsion pairs as follows.
Definition 2.3. ([7]) A pair of subcategories (T ,F) of an abelian category A is called a torsion pair if
the following conditions are satisfied.
(1) HomA(T ,F) = 0; that is, HomA(X,Y ) = 0 for any X ∈ T and Y ∈ F .
(2) For any object M ∈ A, there exists an exact sequence
0 // X // M // Y // 0
in A with X ∈ T and Y ∈ F .
Let (T ,F) be a torsion pair in an abelian category A. Then we have
(1) T is closed under extensions and quotient objects.
(2) F is closed under extensions and subobjects.
Moreover, we have
T = ⊥0F and F = T ⊥0 .
We need the following easy and useful observations.
Lemma 2.4. ([15, Lemma 2.4] and [22, Lemma 5.3]) Let (A,B, C) be a recollement of abelian categories
as (2.1). Then we have
(1) If i∗ is exact, then j! is exact.
(2) If i! is exact, then j∗ is exact.
3 Tilting modules in a recollement of abelian categories
Let (A,B, C) be a recollement of abelian categories as (2.1), and let (T ′,F ′) and (T ′′,F ′′) be torsion
pairs in A and C respectively. Following [13], there is a torsion pair (T ,F) in B defined by
T := {B ∈ B | i∗(B) ∈ T ′ and j∗(B) ∈ T ′′},
F := {B ∈ B | i!(B) ∈ F ′ and j∗(B) ∈ F ′′}.
In this case, we call (T ,F) a glued torsion pair with respect to (T ′,F ′) and (T ′′,F ′′).
Now we recall the notion of classical tilting modules as follows.
Definition 3.1. ([5, 11]) Let Λ be an artin algebra. A module T ∈ modΛ is called a partical tilting
module if the following conditions hold.
4 X. Ma and T. Zhao
(T1) pdΛ T ≤ 1.
(T2) Ext1Λ(T, T ) = 0.
A partical tilting module T is called a tilting module if it also satisfies the following condition.
(T3) There exists an exact sequence 0 // Λ // T0 // T1 // 0 with T0, T1 ∈ addT .
Let T ∈ modΛ. We use GenT to denote the class of all modules M in modΛ generated by T , that
is,
GenT = {M ∈ modΛ : there exists an integer n ≥ 0 and
an epimorphism T n // M // 0 inmodΛ}.
Dually, CogenM is defined.
A tilting Λ-module T induces a torsion pair (GenT, T⊥0) in modΛ, where
GenT =T (T ) := {X ∈ modΛ : Ext1Λ(T,X) = 0}.
Recall from [10] that a torsion pair (T ,F) in an abelian category A is called tilting (resp. cotilting)
if any object in A is isomorphic to a subobject of an object in T (resp. a quotient object of an object in
F).
Remark 3.2. ([10, Lemma I.3.1]) Let A be an abelian category and (T ,F) a torsion pair in A. If A has
enough injective objects, then (T ,F) is tilting if and only if T contains all injective objects. Dually, if A
has enough projective objects, then (T ,F) is cotilting if and only if F contains all projective objects.
Remark 3.3. Let T be a tilting Λ-module in modΛ. Notice that (GenT, T⊥0) is a torsion pair in modΛ,
by [2, Theorem VI.6.5], we have that GenT contains all injective objects in modΛ. So, by Remark 3.2,
we have that (GenT, T⊥0) is a tilting torsion pair in modΛ.
In case for abelian categories with enough injective objects or projective objects, the following result
is a special case of [13, Theorem 1(4)]. The original proof is to check the definition directly by using
the pushout or pullback tools, however in this sequel, we give a different proof by using the equivalent
characterizations of tilting or cotilting torsion pairs in Remark 3.2.
Proposition 3.4. Let (A,B, C) be a recollement of abelian categories as (2.1), and let (T ′,F ′) and
(T ′′,F ′′) be torsion pairs in A and C respectively. Denote by (T ,F) a glued torsion pair in B with respect
to (T ′,F ′) and (T ′′,F ′′). Then we have the following statements.
(1) Assume that B and C have enough injective objects. If i! and j! are exact, and if (T
′,F ′) and
(T ′′,F ′′) are tilting, then (T ,F) is tilting.
(2) Assume that B and C have enough projective objects. If i∗ and j∗ are exact, and if (T
′,F ′) and
(T ′′,F ′′) are cotilting, then (T ,F) is cotilting.
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Proof. Assume that B and C have enough projective (resp. injective) objects, then A has enough projec-
tive (resp. injective) objects by [15, Proposition 2.5].
(1) Since (T ′,F ′) and (T ′′,F ′′) are tilting torsion pairs in A and C respectively by assumption, we
have that T ′ and T ′′ contain all injective objects in A and C respectively by Remark 3.2. Let I be an
injective object in B. Since j! is exact, we get that j
∗ preserves injective objects by [15, Proposition 2.5].
It follows that j∗(I) is injective in C and j∗(I) ∈ T ′′. Since i! is exact by assumption, by [13, Lemma
2(2)], there exists an exact sequence
0 // i∗i!(I) // I // j∗j∗(I) // 0
in B. Notice that i∗ is right exact and i∗j∗ = 0 by Lemma 2.2(2)(4), applying i
∗ to the above exact
sequence yields an exact sequence
i!(I)(∼= i∗i∗i
!(I)) // i∗(I) // 0
in A. Since i! preserves injectives by [15, Proposition 2.5], we have that i!(I) is injective in A and
i!(I) ∈ T ′. It follows that i∗(I) ∈ T ′ since T ′ is closed under quotient objects. Thus I ∈ T and T
contains all injective objects in B, and hence (T ,F) is tilting by Remark 3.2.
(2) It is similar to (1).
From now on, let Λ′, Λ and Λ′′ be artin algebras such that there is a recollement as follows:
modΛ′ i∗ // modΛ
i∗oo
i!
oo
j∗ // modΛ′′
j!oo
j∗oo
.
Now we are in a position to prove our main result.
Theorem 3.5. Let T ′ and T ′′ be tilting modules in modΛ′ and modΛ′′ respectively. If i! and j! are
exact, then there exists a tilting Λ-module T forming as T := j!(T
′′) ⊕M for some Λ-module M , such
that (T ,F) = (Gen T, T⊥0), where (T ,F) is a glued torsion pair in modΛ with respect to (GenT ′, T ′⊥0)
and (Gen T ′′, T ′′⊥0).
Proof. Let e1, e2, · · · , en be a basis of Ext
1
Λ(i∗(T
′), j!(T
′′)). Represent each ei by an exact sequence
0 // j!(T ′′) // Ei // i∗(T ′) // 0
in modΛ. Consider the following commutative diagram
0 //
⊕n
j!(T
′′) // M
h

// i∗(T ′)
θ

// 0
0 //
⊕n
j!(T
′′)
ui

// ⊕
1≤i≤n
Ei
vi

//⊕n i∗(T ′)
ki

// 0
0 // j!(T ′′) // Ei // i∗(T ′) // 0.
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Because kiθ = 1, we get the following commutative diagram
0 //
⊕n
j!(T
′′)
ui

// M
vih

// i∗(T ′) // 0 (∗)
0 // j!(T ′′) // Ei // i∗(T ′) // 0,
where the module M is some kind of universal extension (see [9, Lemma III.6.1]).
Applying the functor HomΛ(−, j!(T
′′)) to the exact sequence (∗) yields an exact sequence
· · · // HomΛ(
⊕
n
j!(T
′′), j!(T
′′))
δ // Ext1
Λ
(i∗(T ′), j!(T
′′)) // Ext1
Λ
(M, j!(T
′′)) // Ext1
Λ
(
⊕
n
j!(T
′′), j!(T
′′)) // · · ·
with δ epic. Since j! is exact and j! preserves projective objects by assumption and [15, Proposition 2.5],
it follows from [15, Proposition 2.8] that
Ext1Λ(j!(T
′′), j!(T
′′)) ∼= Ext1Λ′′(T
′′, j∗j!(T
′′)) ∼= Ext1Λ′′(T
′′, T ′′) = 0,
and hence Ext1Λ(
⊕n
j!(T
′′), j!(T
′′)) ∼=
⊕n
Ext1Λ(j!(T
′′), j!(T
′′)) = 0. Therefore, Ext1Λ(M, j!(T
′′)) = 0
from the fact that δ is epic.
Taking T := j!(T
′′)⊕M . We next prove that T is the desired tilting Λ-module by dividing into four
steps.
Step 1. T satisfies the condition (T1):
Since j! is exact by assumption and j! preserves projectives by [15, Proposition 2.5], pdΛ′′ T
′′ ≤ 1
implies pdΛ j!(T
′′) ≤ 1 and pdΛ
⊕n
j!(T
′′) ≤ 1. Since i! is exact by assumption, we have that i∗
preserves projectives by [15, Proposition 2.6]. Note that i∗ is exact by Lemma 2.2(2) and pdΛ′ T
′ ≤ 1,
so pdΛ i∗(T
′) ≤ 1. Then we have pdΛM ≤ 1 by the exact sequence (∗), and thus pdΛ T ≤ 1.
Step 2. T satisfies the condition (T2):
By the above arguments, we have
Ext1Λ(T, T ) = Ext
1
Λ(j!(T
′′)⊕M, j!(T
′′)⊕M)
= Ext1Λ(j!(T
′′), j!(T
′′))⊕ Ext1Λ(M, j!(T
′′))⊕ Ext1Λ(j!(T
′′),M)⊕ Ext1Λ(M,M)
= Ext1Λ(j!(T
′′),M)⊕ Ext1Λ(M,M).
Applying the exact functor j∗ to the exact sequence (∗) yields that
j∗(M) ∼= j∗(
⊕n
j!(T
′′)) ∼=
⊕n
j∗j!(T
′′) ∼=
⊕n
T ′′.
Since j! is exact and j! preserves projectives by assumption and [15, Proposition 2.5], it follows from [15,
Proposition 2.8] that
Ext1Λ(j!(T
′′),M) ∼= Ext1Λ′′ (T
′′, j∗(M)) ∼= Ext1Λ′′ (T
′′,
⊕n
T ′′) = 0.
On the other hand, applying the functors HomΛ(−, i∗(T
′)) and HomΛ(M,−) to the exact sequence (∗),
we have the following exact sequences
· · · // Ext1Λ(i∗(T
′), i∗(T
′)) // Ext1Λ(M, i∗(T
′)) // Ext1Λ(
⊕n
j!(T
′′), i∗(T
′)) // · · · ,
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and
· · · // Ext1Λ(M,
⊕n
j!(T
′′)) // Ext1Λ(M,M) // Ext
1
Λ(M, i∗(T
′)) // · · · .
By [17, Remark 3.7(1)], we have Ext1Λ(i∗(T
′), i∗(T
′)) ∼= Ext1Λ′(T
′, T ′) = 0. Since j! is exact and preserves
projectives, and Im i∗ = Ker j
∗, it follows from [15, Proposition 2.8] that
Ext1Λ(j!(T
′′), i∗(T
′)) ∼= Ext1Λ′′(T
′′, j∗i∗(T
′)) = 0.
Thus Ext1Λ(M, i∗(T
′)) = 0. Moreover, since Ext1Λ(M,
⊕n
j!(T
′′)) ∼=
⊕n
Ext1Λ(M, j!(T
′′)) = 0, we have
Ext1Λ(M,M) = 0. So Ext
1
Λ(T, T ) = 0.
Thus T is a partial tilting module.
Step 3. (T ,F) = (GenT, T⊥0):
By [2, Lemma VI.2.3], we have that T is Ext-projective in GenT and (GenT, T⊥0) is a torsion pair
in modΛ. For a Λ-module Y , by [13, Lemma 2(2)], we have the following exact sequence
0 // i∗i!(Y ) // Y // j∗j∗(Y ) // 0
in modΛ. Applying the functor HomΛ(M,−) to the above exact sequence yields an exact sequence
0 // HomΛ(M, i∗i!(Y )) // HomΛ(M,Y ) // HomΛ(M, j∗j∗(Y )) . (3.1)
Let Y ∈ F , that is, j∗(Y ) ∈ T ′′⊥0 and i!(Y ) ∈ T ′⊥0 . Then
HomΛ(T, Y ) =HomΛ(j!(T
′′)⊕M,Y )
=HomΛ(j!(T
′′), Y )⊕ HomΛ(M,Y )
∼=HomΛ′′ (T
′′, j∗(Y ))⊕HomΛ(M,Y )
=HomΛ(M,Y ).
Since i∗j! = 0 and i
∗ is right exact by Lemma 2.2(1)(2), applying the functor i∗ to the exact sequence
(∗) yields i∗(M) ∼= i∗i∗(T
′) ∼= T ′.
Since
HomΛ(M, i∗i
!(Y )) ∼= HomΛ′(i
∗(M), i!(Y )) ∼= HomΛ′(T
′, i!(Y )) = 0
and
HomΛ(M, j∗j
∗(Y )) ∼= HomΛ′′(j
∗(M), j∗(Y )) ∼= HomΛ′′(
⊕
nT ′′, j∗(Y )) = 0,
it follows that HomΛ(M,Y ) = 0 from the exact sequence (3.1), and hence HomΛ(T, Y ) = 0. Thus
Y ∈ T⊥0 and F ⊆ T⊥0 .
Conversely, let Y ∈ T⊥0, that is, 0 = HomΛ(T, Y ) ∼= HomΛ(j!(T
′′), Y )⊕HomΛ(M,Y ), so HomΛ(j!(T
′′), Y ) =
0 and HomΛ(M,Y ) = 0. It follows that
HomΛ′′(T
′′, j∗(Y )) ∼= HomΛ(j!(T
′′), Y ) = 0
and
HomΛ′(T
′, i!(Y )) ∼= HomΛ′(i
∗(M), i!(Y )) ∼= HomΛ(M, i∗i
!(Y )) = 0,
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the last equality is obtained from the exact sequence (3.1). Thus j∗(Y ) ∈ T ′′⊥0 and i!(Y ) ∈ T ′⊥0 , and
hence Y ∈ F and T⊥0 ⊆ F . Therefore, F = T⊥0 and T = GenT , that is (T ,F) = (GenT, T⊥0).
Step 4. T satisfies the condition (T3):
By Remark 3.3, (GenT ′, T ′⊥0) and (GenT ′′, T ′′⊥0) are tilting torsion pairs in modΛ′ and Λ′′ respec-
tively. By Proposition 3.4, (T ,F) is a tilting torsion pair in modΛ, and thus, by Remark 3.2, T contains
all injective objects in modΛ. Hence, by [2, Theorem VI.6.5], there exists a tilting module T = P (T )
such that
(T ,F) = (GenT , T
⊥0
) = (T (T ), T
⊥0
).
Since T is Ext-projective in T , we have T ∈ addT and addT ⊆ addT . Moreover, since T ∈ T = GenT ,
there is an exact sequence
0 // K // T n // T // 0 (3.2)
in modΛ.
LetX ∈ T = T (T ). Applying the functor HomΛ(−, X) to the exact sequence (3.2) yields the following
exact sequence
· · · // Ext1Λ(T
n, X) // Ext1Λ(K,X) // Ext
2
Λ(T ,X)
// · · · .
Since pdT ≤ 1 and T is Ext-projective in GenT = T , we have Ext1Λ(K,X) = 0 and K is Ext-projective
in T (T ), it follows that K ∈ addT from [2, Theorem VI.2.5]. Thus the exact sequence (3.2) is split, so
T ∈ addT and addT ⊆ addT . Then addT = addT , and it follows that T satisfies the condition (T3).
Thus T is a tilting Λ-module.
Now we show that the converse of Proposition 3.4 holds true under certain conditions, which is also
a special case of [13, Proposition 1(2)].
Proposition 3.6. Let (A,B, C) be a recollement of abelian categories as (2.1), and let (T ,F) be a torsion
pair in B.
(1) Assume that B and C have enough injective objects, and (T ,F) is tilting, we have
(1.1) If i∗ is exact, then (i∗(T ), i!(F)) is a tilting torsion pair in A.
(1.2) If j∗j
∗(F) ⊆ F , then (j∗(T ), j∗(F)) is a tilting torsion pair in C.
(2) Assume that B and C have enough projective objects, and (T ,F) is cotilting, we have
(2.1) If i! is exact, then (i∗(T ), i!(F)) is a cotilting torsion pair in A.
(2.2) If j∗j
∗(F) ⊆ F , then (j∗(T ), j∗(F)) is a cotilting torsion pair in C.
Proof. Assume that B and C have enough projective (resp. injective) objects, we have that A has enough
projective (resp. injective) objects by [15, Proposition 2.5].
(1) Since (T ,F) is tilting by assumption, by Remark 3.2, we have that T contains all injective objects
in B.
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(1.1) By [13, Theorem 2(1)], (i∗(T ), i!(F)) is a torsion pair in A. Let I be an injective object in
A. Since i∗ preserves injectives by [15, Proposition 2.6], i∗(I) is injective in B, and so i∗(I) ∈ T . Thus
I ∼= i∗i∗(I) ∈ i
∗(T ) and i∗(T ) contains all injective objects in A, and hence (i∗(T ), i!(F)) is tilting by
Remark 3.2.
(1.2) By [13, Theorem 2(2)], (j∗(T ), j∗(F)) is a torsion pair in C. Let I be an injective object in C.
Since j∗ preserves injectives by [15, Proposition 2.5], we have j∗(I) is injecitve in B, and hence j∗(I) ∈ T .
Thus I ∼= j∗j∗(I) ∈ j
∗(T ) and j∗(T ) contains all injective objects in C, and hence (j∗(T ), j∗(F)) is
tilting.
(2) It is similar to (1).
Now we show that the converse of Theorem 3.5 holds true under certain conditions, which reformulates
[14, Theorem 3.5].
Theorem 3.7. Let T be a tilting Λ-module and (T ,F) := (GenT, T⊥0) a torsion pair in modΛ induced
by T . Then we have
(1) If i∗ is exact, then i∗(T ) is a tilting Λ′-module and (i∗(T ), i!(F)) = (Gen i∗(T ), (i∗(T ))⊥0).
(2) If j∗j
∗(F) ⊆ F , j∗j
∗(T ) ⊆ T and j∗ is exact, then j
∗(T ) is a tilting Λ′′-module and (j∗(T ), j∗(F)) =
(Gen j∗(T ), (j∗(T ))⊥0).
Proof. Since (T ,F) is a torsion pair induced by a tilting Λ-module T , we have that T contains all injective
Λ-modules by [2, Theorem VI.6.5]. It follows from Remark 3.2 that (T ,F) is a tilting torsion pair in
modΛ.
(1) By Proposition 3.6(1), we have that (i∗(T ), i!(F)) is a tilting torsion pair in modΛ′, it follows that
i∗(T ) contains all injective Λ′-modules from Remark 3.2. Since i∗(T ) ∈ i∗(T ), we have that Gen i∗(T ) ⊆
i∗(T ) by the fact that i∗(T ) is closed under quotient objects. On the other hand, it is clear that
i∗(T ) ⊆ Gen i∗(T ). Thus Gen i∗(T ) = i∗(T ).
By [2, Theorem VI.6.5], there exists a tilting module T ′ = P (i∗(T )) such that
(i∗(T ), i!(F)) = (GenT ′, T ′
⊥0
) = (T (T ′), T ′
⊥0
).
Notice that i∗i
∗(T ) ⊆ T . By [15, Proposition 2.8], we have
Ext1Λ′(i
∗(T ), i∗(T )) ∼= Ext1Λ(T, i∗i
∗(T )) = 0,
that is, i∗(T ) is Ext-projective in i∗(T ), thus i∗(T ) ∈ addT ′ and add i∗(T ) ⊆ addT ′. Since T ′ ∈ i∗(T ) =
Gen i∗(T ), there exists an exact sequence
0 // K ′ // i∗(T )n // T ′ // 0 (3.3)
in modΛ′. Let X ′ ∈ i∗(T ) = T (T ′). Applying the functor HomΛ′(−, X
′) to the exact sequence (3.3)
yields the following exact sequence
· · · // Ext1Λ′(i
∗(T )n, X ′) // Ext1Λ′(K
′, X ′) // Ext2Λ′(T
′, X ′) // · · · .
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Since pdT ′ ≤ 1 and i∗(T ) is Ext-projective in i∗(T ), we have that Ext1Λ′(K
′, X ′) = 0 and K ′ is Ext-
projective in T (T ′), and hence K ′ ∈ addT ′ from [2, Theorem VI.2.5]. Thus the exact sequence (3.3) is
split, which induces T ′ ∈ add i∗(T ) and addT ′ ⊆ add i∗(T ). Then we have that addT ′ = add i∗(T ), and
hence i∗(T ) is a tilting Λ′-module.
(2) Since j∗j
∗(F) ⊆ F by assumption, (j∗(T ), j∗(F)) is a tilting torsion pair in modΛ′′ by Proposition
3.6(2). By Remark 3.2, we have that j∗(T ) contains all injective Λ′′-modules.
Since j∗(T ) ∈ j∗(T ) and j∗(T ) is closed under quotient objects, we have Gen j∗(T ) ⊆ j∗(T ). On the
other hand, it is clear that j∗(T ) ⊆ Gen j∗(T ). Thus Gen j∗(T ) = j∗(T ).
By [2, Theorem VI.6.5], there exists a tilting Λ′′-module T ′′ = P (j∗(T )) such that
(j∗(T ), j∗(F)) = (Gen T ′′, T ′′
⊥0
) = (T (T ′′), T ′′
⊥0
).
Since j∗j
∗(T ) ⊆ T and j∗ is exact by assumption and [15, Proposition 2.8], we have
ExtΛ′′(j
∗(T ), j∗(T )) = ExtΛ(T, j∗j
∗(T )) = 0,
that is, j∗(T ) is Ext-projective in j∗(T ). Thus j∗(T ) ∈ addT ′′ and add j∗(T ) ⊆ addT ′′.
Since T ′′ ∈ j∗(T ) = Gen j∗(T ), there exists an exact sequence
0 // K ′′ // j∗(T )m // T ′′ // 0 (3.4)
in modΛ′′. Let X ′′ ∈ j∗(T ) = T (T ′′). Applying the functor HomΛ′′(−, X
′′) to the exact sequence (3.4)
yields the following exact sequence
· · · // Ext1Λ′′ (j
∗(T )m, X ′′) // Ext1Λ′′ (K
′′, X ′′) // Ext2Λ′′(T
′′, X ′′) // · · · .
Since pd T ′′ ≤ 1 and j∗(T ) is Ext-projective in j∗(T ), we have that Ext1Λ′′(K
′′, X ′′) = 0 and K ′′ is Ext-
projective in T (T ′′), it follows that K ′′ ∈ addT ′′ from [2, Theorem VI.2.5]. Thus the exact sequence (3.4)
is split, which shows T ′′ ∈ add j∗(T ) and addT ′′ ⊆ add j∗(T ). Then we have that addT ′′ = add j∗(T ),
and thus j∗(T ) is a tilting Λ′′-module.
Remark 3.8. In fact, removing the condition “j∗j
∗(F) ⊆ F” in Theorem 3.7(2), j∗(T ) is still a tilting
Λ′′-module, but (j∗(T ), j∗(F)) is not always a torsion pair in modΛ′′ (see [14, Theorem 3.3] and Example
4.1(3)).
4 Examples
We give some examples to illustrate the obtained results.
In [1], Adachi, Iyama and Reiten introduced the notions of support τ -tilting modules and its mutation.
Using the mutation of support τ -tilting modules, one can compute all support τ -tilting modules for a
basic finite-dimensional algebra Λ. Note that a module T ∈ modΛ is a tilting module if and only if it is a
faithful τ -tilting module, and if Λ is hereditary, then a module T ∈ modΛ is a tilting module if and only
if it is a τ -tilting module ([1]). Thus it provides an efficient method for computing all tilting modules in
modΛ.
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Let Λ′,Λ′′ be artin algebras and Λ′NΛ′′ an (Λ
′,Λ′′)-bimodule, and let Λ =
(
Λ′ N
0 Λ′′
)
be a triangular
matrix algebra. Then any module in modΛ can be uniquely written as a triple
(
X
Y
)
f
with X ∈ modΛ′,
Y ∈ modΛ′ and f ∈ HomΛ′(N ⊗Λ′′ Y,X) ([3, p.76]).
Example 4.1. Let Λ′ be a finite dimensional algebra given by the quiver 1 // 2 and Λ′′ be a finite
dimensional algebra given by the quiver 3
α // 4
β // 5 with the relation βα = 0. Define a triangular
matrix algebra Λ =
(
Λ′ Λ′
0 Λ′′
)
, where the right Λ′′-module structure on Λ′ is induced by the unique algebra
surjective homomorphsim Λ′′
φ // Λ′ satisfying φ(e3) = e1, φ(e4) = e2, φ(e5) = 0. Then Λ is a finite
dimensional algebra given by the quiver
·
·
δ
DD✠✠✠✠✠✠
·
γ
ZZ✺✺✺✺✺✺
β // ·
·
ǫ
ZZ✺✺✺✺✺✺ α
DD✠✠✠✠✠✠
with the relation γα = δǫ and βα = 0. The Auslander-Reiten quiver of Λ is
(
0
P (5)
)
❅
❅❅
❅❅
❅❅
(
S(2)
S(4)
)
❅
❅❅
❅❅
❅❅
(
S(1)
0
)
❅
❅❅
❅❅
❅❅
❅
(
0
P (3)
)
  ❆
❆❆
❆❆
❆❆
❆
(
S(2)
P (4)
)
??⑦⑦⑦⑦⑦⑦⑦
❅
❅❅
❅❅
❅❅
(
P (1)
S(4)
)
??⑦⑦⑦⑦⑦⑦⑦⑦
//
❅
❅❅
❅❅
❅❅
❅
(
P (1)
P (3)
)
//
(
S(1)
P (3)
)
??⑦⑦⑦⑦⑦⑦⑦
❅
❅❅
❅❅
❅❅
(
0
S(3)
)
.
(
S(2)
0
)
??⑦⑦⑦⑦⑦⑦⑦
  ❅
❅❅
❅❅
❅❅
❅
(
P (1)
P (4)
)
??⑦⑦⑦⑦⑦⑦⑦
  ❅
❅❅
❅❅
❅❅
❅
(
0
S(4)
)
??⑦⑦⑦⑦⑦⑦⑦⑦ (
S(1)
S(3)
)
>>⑥⑥⑥⑥⑥⑥⑥
(
P (1)
0
)
>>⑦⑦⑦⑦⑦⑦⑦ (
0
P (4)
)
>>⑦⑦⑦⑦⑦⑦⑦⑦
By [17, Example 2.12], we have that
modΛ′ i∗ // modΛ
i∗oo
i!
oo
j∗ // modΛ′′
j!oo
j∗oo
is a recollement of module categories, where
i∗(
(
X
Y
)
f
) = Coker f, i∗(X) =
(
X
0
)
, i!(
(
X
Y
)
f
) = X,
j!(Y ) =
(
N ⊗Λ′′ Y
Y
)
1
, j∗(
(
X
Y
)
f
) = Y, j∗(Y ) =
(
0
Y
)
.
(1) Take tilting modules T ′ = P (1) ⊕ S(1) and T ′′ = P (5) ⊕ P (4) ⊕ P (3) in modΛ′ and modΛ′′
respectively. They induce torsion pairs
(T ′,F ′) =(add(P (1)⊕ S(1)), addS(2)),
(T ′′,F ′′) =(modΛ′′, 0)
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in modΛ′ and modΛ′′ respectively. Then by Theorem 3.5, there is a tilting Λ-module T =
(
0
P (5)
)
⊕(
S(2)
P (4)
)
⊕
(
P (1)
P (3)
)
⊕
(
P (1)
P (4)
)
⊕
(
P (1)
0
)
. It induces a torsion pair
(GenT, T⊥0) = (add(
(
P (1)
0
)
⊕
(
0
P (5)
)
⊕
(
S(2)
P (4)
)
⊕
(
P (1)
P (4)
)
⊕
(
0
P (4)
)
⊕
(
S(2)
S(4)
)
⊕
(
P (1)
S(4)
)
⊕
(
0
S(4)
)
⊕
(
S(1)
0
)
⊕
(
S(1)
P (3)
)
⊕
(
S(1)
S(3)
)
⊕
(
P (1)
P (3)
)
⊕
(
0
P (3)
)
⊕
(
0
S(3)
)
), add
(
S(2)
0
)
)
in modΛ, which is exactly a glued torsion pair with respect to (T ′,F ′) and (T ′′,F ′′).
(2) Take tilting modules T ′ = P (1) ⊕ S(1) and T ′′ = P (3) ⊕ P (4) ⊕ S(4) in modΛ′ and modΛ′′
respectively. They induce torsion pairs
(T ′,F ′) =(add(P (1)⊕ S(1)), addS(2)),
(T ′′,F ′′) =(add(P (3)⊕ P (4)⊕ S(4)⊕ S(3)), addP (5))
in modΛ′ and modΛ′′ respectively. Then by Theorem 3.5, there is a tilting Λ-module T =
(
P (1)
P (3)
)
⊕(
S(2)
P (4)
)
⊕
(
S(2)
S(4)
)
⊕
(
P (1)
P (4)
)
⊕
(
P (1)
0
)
. It induces a torsion pair
(Gen T, T⊥0) = (add(
(
S(2)
P (4)
)
⊕
(
P (1)
P (4)
)
⊕
(
P (1)
0
)
⊕
(
0
P (4)
)
⊕
(
S(2)
S(4)
)
⊕
(
P (1)
S(4)
)
⊕
(
0
S(4)
)
⊕
(
S(1)
P (3)
)
⊕
(
S(1)
S(3)
)
⊕
(
S(1)
0
)
⊕
(
P (1)
P (3)
)
⊕
(
0
P (3)
)
⊕
(
0
S(3)
)
), add(
(
S(2)
0
)
⊕
(
0
P (5)
)
))
in modΛ, which is exactly a glued torsion pair with respect to (T ′,F ′) and (T ′′,F ′′).
(3) Take a tilting module T =
(
S(2)
S(4)
)
⊕
(
P (1)
P (4)
)
⊕
(
0
P (4)
)
⊕
(
P (1)
S(4)
)
⊕
(
P (1)
P (3)
)
in modΛ. It induces a torsion
pair
(T ,F) = (add(
(
S(2)
S(4)
)
⊕
(
P (1)
P (4)
)
⊕
(
P (1)
S(4)
)
⊕
(
0
P (4)
)
⊕
(
S(1)
0
)
⊕
(
P (1)
P (3)
)
⊕
(
0
S(4)
)
⊕
(
S(1)
P (3)
)
⊕
(
S(1)
S(3)
)
⊕
(
0
S(3)
)
⊕
(
0
P (3)
)
, add(
(
0
P (5)
)
⊕
(
S(2)
0
)
⊕
(
P (1)
0
)
⊕
(
S(2)
P (4)
)
))
in modΛ. By [14, Theorem 3.5], we have that j∗(T ) = S(4)⊕S(4)⊕P (4)⊕P (4)⊕P (3) is a tilting
Λ′′-module. But j∗j
∗(F) = add(
(
0
P (4)
)
⊕
(
0
P (5)
)
) ( F , we have that
(j∗(T ), j∗(F)) = (add(S(4)⊕ P (4)⊕ P (3)⊕ S(3)), addP (5)⊕ P (4))
is not a torsion pair in modΛ′′ and (j∗(T ), j∗(F)) 6= (Gen j∗(T ), (j∗(T ))⊥0).
(4) Take a tilting module T =
(
S(2)
S(4)
)
⊕
(
S(2)
P (4)
)
⊕
(
P (1)
P (4)
)
⊕
(
0
P (4)
)
⊕
(
P (1)
P (3)
)
in modΛ. It induces a torsion
pair
(T ,F) = (add(
(
S(2)
S(4)
)
⊕
(
S(2)
P (4)
)
⊕
(
P (1)
P (4)
)
⊕
(
P (1)
S(4)
)
⊕
(
0
P (4)
)
⊕
(
S(1)
0
)
⊕
(
P (1)
P (3)
)
⊕
(
0
S(4)
)
⊕
(
S(1)
P (3)
)
⊕
(
S(1)
S(3)
)
⊕
(
0
S(3)
)
⊕
(
0
P (3)
)
, add(
(
0
P (5)
)
⊕
(
S(2)
0
)
⊕
(
P (1)
0
)
))
in modΛ. By Theorem 3.7(2), we have that j∗(T ) = S(4)⊕ P (4)⊕ P (4)⊕ P (4)⊕ P (3) is a tilting
Λ′′-module and
(j∗(T ), j∗(F)) = (add(S(4)⊕ P (4)⊕ P (3)⊕ S(3)), addP (5)) = (Gen j∗(T ), (j∗(T ))⊥0).
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